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Abstract

This experimental study is devoted to the transition to turbulence of the flow confined between a stationary and a rotating disk.
Using visualization and video image analysis, we describe the different transitions occurring in the flow as the rotating velocity
of the disk is varied. The space—time behavior of the wave patterns is analyzed using the Bi-Orthogonal Decomposition (BOD)
technique. This decomposition of the experimental signals on proper modes permits to project the dynamics of the waves in a
reduced embedding phase space. By this means, a torus doubling bifurcation is revealed before its complete destruction during
the transition to a weak turbulence. Finally, a more classical 2D-Fourier analysis completes our description of the transition and
shows for higher rotation rates, the appearance of a more developed turbulence issued from the former chaotic waves.

0 2004 Elsevier SAS. All rights reserved.

1. Introduction

The transition to turbulence of rotating disk flows is one of the most classical but also challenging problems of fluid mechan-
ics. Beside the fact that these flows are often met in industrial or in geophysical situations, they are also generally used to model
three-dimensional boundary layer transitions (see for instance the recent review article by Reed, Saric and White [1]). When a
disk rotates at a rat@ in front of another fixed one, forming a usually called rotor/stator device, different types of flows can
take place depending on the distandeetween the disks and on the characteristic boundary layer thickresév/$2 on each
disk, v being the viscosity of the fluid between the disks. Wheands are of the same order of magnitude, the flow resembles
a Couette flow and the transition to turbulence occurs via a Spatio-Temporal Intermittency scenario [2]. On the contrary, when
the rotating disk layer — called the Ekman [3] or the von Karman [4] layer — is separated from the fixed disk layer — called
the Bodewadt layer [5] — the flow consists of these two boundary layers separated by an inner rotating core. These typical
flows are said to be of Batchelor type, as Batchelor [6] expressed for the first time the self-similar velocity fields in the case
of infinite radial extension of the flows. Many authors have then analyzed the stability of these flows and two types of waves
(type I and 1) have been revealed in both boundary layers. For instance, Faller [7], Pikhtov and Smirnov [8], Lingwood [9] and
Pier [10] performed linear stability analyses of the different velocity profiles that occur in the different regions of the flow. More
recently, and following the pioneer work of Lingwood [9], Serre et al. [11] studied theoretically and numerically the transition
from convective to absolute instability of these flows. Experimentally, Sfh&,13] followed by Itoh [14,15] were the first to
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visualize the different waves occurring in a rotor/stator system. The complete transition diagram was then built by Schouveiler,
Le Gal and Chauve [16] as function of the raits of the cavity and of the Reynolds numiRe= $2R2/v (R being the radius

of the disk). These authors show that the transition to turbulence of the Batchelor flow is preceded by the appearance of two
types of waves: circular waves that propagate from the edge of the disk to the center (see also [17]) and spiral waves that appea
at the periphery of the flow [18]. These waves were also reproduced in the numerical simulations of [19,20] .

This study is the continuation of the work of Schouveiler et al. [16] and focuses on the description of the successive bi-
furcations and the appearance of disordered regimes created by the interaction of the circular and the spiral waves. For this
purpose, the experimental device is the same (with only slight modifications reported in Section 2) as the one used in [16].
With the help of video analysis we build space—time diagrams that record the wave dynamics on circles situated in the waves
interaction region. These diagrams are first analyzed by a projection of the data onto their proper modes. This method called
the Bi-Orthogonal Decomposition [21] is an extension of the Proper Orthogonal Decomposition (POD) of Lumley [22] and is
sometimes also referred as the Karhunen—Loéeve decomposition from [23] and [24]. We show that the dynamics of the circular
and spiral waves is confined on a torus that exhibits a period doubling before the appearance to weak turbulence. Finally a
transition towards a more developed turbulence is described via the calculation of the bi-dimensional spectra of the space—time
diagrams.

The article is organized as follows: the main characteristics of our experimental device are described in Section 2, then
Section 3 reports the phenomenology of the transition whereas Sections 4 an 5 are devoted to the BOD and to the Fourier
analyses respectively.

2. Experimental device

The experimental device (Fig. 1) consists of a water-filled cylindrical casing in which the rotating disk is immersed. The top
lid of the container plays the role of the stationary disk. The radius the stainless steel disk is 140 mm and its thickness is
13 mm. It is painted in black to enhance visualization. The drive shaft goes through the bottom of the tank and is connected to
a d.c. electric motor whose rotating velocity can be varied ffam O to 200 rpm. The rotation frequency is measured with an
optical encoder with an accuracy better tha2?0. The stationary disk is a 20 mm thick plexiglass plate, so that the flow can be
observed through it. In the present study, the distance between the rotating disk and the fixed one is set to 16 mm. Geometric
imperfections, including the flatness and roughness defects were measured to induce a variation of the inter-disk dfstance
less than 0.07 mm. Moreover, in order to get well-defined boundary conditions on the edge of the disk, a cylindrical sidewall
is fixed to this top cover: this permits to reduce the radial space between the rotating disk and the sidewall to 0.5 mm. Note
that in Schouveiler's experiment this gap was equal to 0.1 mm; however, except from small threshold variations, this change
in radial gap conserves the general picture of the transition. This housing is completely filled with water at room temperature
and the experiments were performed at a constant temperature GftB0vithin -1 °C, so that the kinematic viscosity of the
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Fig. 1. Experimental device.
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working fluid is 1 mn?s~1. Visualizations are realized with kalliroscope flakes. These particles are constituted by small plates
of mica coated with titanium dioxide and tin oxide to assure a high reflective index. Due to their anisotropy, these flakes tend
to align themselves along stream surfaces (the normal direction of flakes pointing in the direction of the velocity gradient), thus
becoming visible under appropriate lighting conditions. The flow is illuminated with a circular neon tube that is positioned just
above the plexiglass lid. Note that this tube was specially designed to minimize any nonaxi-symmetry defect, in particular at the
electrodes junction. A CCD video camera is placed on the rotation axis and can rotate if necessary with a velocity that can be
adjusted in order to observe the waves in their rotating frame. This video camera is finally connected to a computer, and images
can be captured in real time.

3. Visualizations of the flow patterns and phenomenology of the transition

When the angular velocity of the disk becomes larger than 4 rpm, coherent structures appear in the Bodewadt boundary
layer (see Fig. 2). Roughly, as Reynolds number grows, one can see circular and then spiral structures appear. Note that the
circular waves exhibit an azimuthal modulation which breaks the rotational symmetry of the observed pattern. This loss of
axi-symmetry of the pattern comes in fact from pairings observed first by Cousin-Rittemard [26] and Schouveiler et al. [16].
Note also that these images show the wave pattern in the region that is close to the fixed transparent disk. They do not give depth
averaged information and a full connection between this flow visualization technique and the real flow is not yet available [25].
However, a full anemometry characterization of the different waves was already performed in [27]. The interpretation of the
images is thus not straightforward although the amplitude and phase of the waves are recovered. Fig. 3 shows in particular that
the Hopf bifurcation of the spiral waves is correctly determined since the square of the grey modulation amplitude, obtained by
Fourier Transform (see later) is proportional to the distance to the threshold. This situation corresp@rgtsing from 5 to
14 rpm. For largex2, the flow appears more and more disordered, and2féarger than 20 rpm coherent structures are hardly
recognizable in a state of weak turbulence. In the following we will keep, for convenighes,the control parameter of our
system. Time will be expressed in number of disk rotations and the frequency unit of the hydrodynamical modes will be the
inverse disk rotation duration.

As the flow is nonhomogeneous in the radial direction, the circular waves appear at the periphery of the disk and propagate
towards the center. It has been shown in [17] that these circular waves are of convective type. So, apart from the very central
region of the flow, they can be detected everywhere in the flow with a variable amplitude. Spiral waves appear through a Hopf
bifurcation in the form of a global mode with a spatial three-dimensional envelope [27]. Thus, there is a unique threshold
(independent of the measurement position) for the bifurcation of this spiral mode which is characterized by an azimuthal wave
number and a frequency. When both modes are present, they coexist in the flevgfing from 10 to 14 rpm with amplitudes
varying along the radius. However, as it can be seen on Fig. 2, in a region extending approximately beéiReerd @8R,

Q=9 rpm Q=10 rpm Q=13 rpm

Fig. 2. Images of the flow for some values$@f the angular velocity of the disk. Clockwise rotation.
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Fig. 3. Squared amplitude of the grey level fluctuations corresponding to the spiral wavessyethegypical linear behavior corresponding
to the Hopf bifurcation is recovered.

the flow patterns are not affected by boundary conditions and seem quite homogeneous, at least visually. Although we cannot
prove that the subsequent bifurcated modes will be of global type (with a unique threshold independent of the radial position),
we expect anyway their characteristics to be typical of the transition. Threshold variations, if any, along the radial position,
will be in a range of 10% around that detected in the middle of the considered region. Therefore, in order to decrease the huge
guantity of data recorded in films, we choose to observe the system at a fixedrradiugR. Thus we only analyze data along

the homogeneous directiof)(as function of time and for each fixed value @f However, although we did not describe in

detail the sequence of bifurcations at different radial positions, we have checked qualitatively that the global flow transition is
independent of the data acquisition circle (at least for radii betwe® &d Q8R). The gathering of the data recorded on the

circle r = 0.7R gives spatio-temporal diagrams that will be used to study quantitatively the transition. These spatio-temporal
diagrams have a duration of 40 s for 2048 temporal data points. Their spatial resolution is 1.2 mm on 512 spatial points. Figs. 4
and 5 are only temporal windows of constant duration equal to 4 disk rotations. Therefore, varying the angular £elocity

of the rotating disk, we progressively pass from a laminar to a chaotic flow. For this particular value of the radius, circular
waves are present for 5 rpma 2 < 9 rpm, spiral waves appear &= 10 rpm and keep their coherence up to approximatively

£2 =15 rpm (see Fig. 4). Then dislocations appear in the flow and a fully chaotic behavior is reacteed fo8 rpm, as it can

be seen in the space—time diagrams showing the dynamics of the waves (see Fig. 5). Corresponding to each of these diagram:
a temporal Fourier spectrum, averaged on the spatial diregtiparmits to evaluate the growing complexity of the dynamics.

As shown on the first diagransX = 9 rpm) of Fig. 4 and except for a slight spatial undulation due to waves pairing (see [16]),

the circular waves appear as vertical stripes in the spatio-temporal diagrams. Their propagation towards the center of the disk is
associated to three frequencieat 1, 2 and 3 times the disk rotation frequency. ThenZoe 10 rpm, the spiral waves, seen as

17 tilted thin stripes, appear. Their frequencig equal to 21 and higher harmonics appearsass increased. Faf2 = 16 rpm,

last diagram of Fig. 4, it can be seen that the wave pattern is no more periodic in time or in space and the dynamics of the still
visible structures is no more regular.

At higher rotation rates, the coherence of the pattern will be completely lost, as it can be observed on Fig. 5. More and
more peaks appear in the Fourier spectra, as it is particularly visible fer20 rpm, where the flow has definitively lost its
organization.

Our aim is now to discuss this transition in a more quantitative way. As far as experimental data are concerned, our space—
time diagrams give information on 512 values of the spatial coordihater 2048 instants in time: data form a 5%¥22048
matrix u (6, t). To have more insight in the space—time dynamics of the system, we use a bi-orthogonal decomposition (BOD)
of the former space—time diagrams in order to observe the dynamical system history in its phase space.
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Fig. 4. Windows of space-time diagrams on the circie 0.7R, for some typical values of the angular veloci®yand for a duration of 4 disk
rotations. We also show in arbitrary linear scale, the corresponding temporal Fourier spectra avetaged on

4. Phase-space analysis of the transition

In what follows we use a tool, the bi-orthogonal decomposition (BOD), that allows to describe in a simple way the dynamics
of the system by identifying and treating as a whole each spatial structure as well as the corresponding time dynamics. The main
idea is to look at space and time in a completely symmetrical way. It is well known that when a space—time signal acquires some
modulation, either in space or time or both, the projection on Fourier modes immediately splits in a large number of components
that can be difficult to analyze, especially close to resonance. Instead, by slightly adapting the space and time basis to the chang
of the system with the parameters, it is possible to keep the maximal simplicity of description (for instance the dimension of
the space and time representation) as long as the topological properties of the dynamics do not change. This is a big advantagt
if we are precisely interested in detecting and describing the bifurcations undertaken by the system when a parameter (as the
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Fig. 5. Space—time diagrams on the circte 0.7R, for higher values of the angular velocify (18 and 20 rpm), for which coherent structures
are not anymore recognizable (time is expressed in number of rotatiodsiatite azimuthal angle). We also show the corresponding temporal
Fourier spectra averaged 6n

angular velocity of the disk in our case) changes. Of course, this analysis may be completed, as we shall do in what follows, by
any other complementary tool, in particular a space—time Fourier analysis. By combining the BOD, that allows to distinguish
the different dynamical structures in the fluid, with a Fourier analysis, we were able to identify the scenario of the transition
towards a chaotic flow in the rotor/stator device studied in this work.

For the sake of completeness we recall that (see [21]), for an extended system described by &ignalshe BOD
establishes a correspondence between the phase gp#Egavhere the orbit; evolves (where for each &; is the function
& (x) =u(x,t)) and the spacg (T') of the corresponding time serigg (where for each, n, is the functionn, (t) = u(x, 1)).
In fact, x (X) is the smallest linear space containing theand, symmetricallyx (T) is the smallest linear space containing
theny. Thisis whyx (X) andx (T) are good candidates for the description of space—time dynamics. Further, a convenient way
of describing these two spaces is given by two particular orthogonal bases of vectors: thg;tgeoeratingy (X) that are,
in our case, the right eigenvectors of the mairixand the chronog;, generatingy (7) that are the left eigenvectors. As a
consequence, the dimensionsxafX) andx (T') are equal, being both equal to the rankoft is even possible to show that the
BOD gives a one-to-one correspondence betweemtlseand they,'s. Moreover, these proper modes can be ordered by their
decreasing energy (or eigenvalue) and therefore labelled by anindex

Notice that the curvé; is just the trajectory of the system, in the usual sense, in the phase;s@areConversely, and this
representation is far less common, the cujygepresents a time series array in the corresponding spdce In this context
u(x,t) is also a kernel of an isomorphic map frgniX) to x (') and therefore the corresponding spectral analysis reads

w(x, 1) =Y b (Y (1),
k

where the positive numbetsg. are the eigenvalues ang (x) (resp.yy (¢)) form an orthogonal basis of the phase spac¥)
(resp. time series spag€T)). Notice that any truncation of the previous sum is an approximation of the signal — in fact the best
among all the approximations with the same number of orthogonal terms — but it is at the same time an orthogonal projection
of the orbit on a lower dimensional sub-space (both of phase space and of time series space).

We will describe in the following paragraphs how instabilities and coherent structures manifest themselves in the projection
of these two spaces on small subspaces, by taking 3-dimension projectjp)andy (7). We disregard the first eigenvector
¢1, Y1, relative to the maximal eigenvalue, because it is associated to the mean gray level in the image acquisition. The reason
to take the next 3-dimensional space as a basis for our analysis is twofold. First because the four largest eigenvalues represen
about 60 percent of the total spectrum, which implies that the distance of the real orbit to its projection on such a subspace is
not very large. Second, and more important, due to the wavelike form of the signal, the essential features of the dynamics are
captured in the subspace we analyze: indeed, for a pure travelling wave, it is known that the BOD forces the dynamics on the
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subspaces corresponding to smaller eigenvalues to be a mirror of the dynamics on the subspace of the larger eigenvalues [28]
In our case, the modulation of travelling waves merely deforms this mirror image.

4.1. Circular waves

The BOD analysis shows that the trajectory in phase space relative to all the valesuch that only circular waves are
present is periodic, being represented by a closed curve. However, the number of frequencies characterizing the motion varies
with £2.

For £2 = 6 rpm let us consider the projec’[i@ﬁ’3 of the trajectory on thégp,, ¢3) plane (see Fig. 6). It looks roughly like a
circle, but so close to the bifurcation threshold, the high level of noise makes it necessary to compute e pbgtereen the
vectorsgy and§t2’3, in order to show that the trajectory is indeed periodic. The condition under which the trajectory is closed
is thate () grows a multiple of 2 in an integer number of rounds of the disk: Fig. 6 shows that this is the casz#06 rpm
(and is also verified fof2 up to 9 rpm), and the value 2.03 for the slopexdf) confirms the observation of 2 circular structures
per round crossing the acquisition circle (see the Fourier transforms of Fig. 4).

Fig. 6 shows also that the evolution of the anglg) for £2 =9 rpm is not monotone anymore; correspondingly, the
trajectory&,z’3 shows two or three loops. Nevertheless, this is not the expression of a topological change, but only translates the
fact that for this value of the angular velocity of the disk, andrifer 0.7R, one observes in the Bodewadt layer three circular
waves merging to give two circles per rotation: as it appears from the Fourier transforms of Fig. 4, the three commensurable
frequencies = 1, 2, 3 characterize the system (see also [16]). Indeed, if we consider one more dimension by projecting the
trajectory on(¢o, ¢3, ¢4), as it is done in Fig. 7, it appears th;?r&“ describes a closed curve (a limit cycle) evolving on a
torus. Note that the shape of the orbit in thie( v3) plane (Fig. 6) is due to the loss of axi-symmetry of the circular wave
pattern as already mentioned. For instancesZoe 6 and 9 rpm, a limit cycle takes place instead of a single dot as it should be
obtained if the circular waves were perfect circles. RPoequal or larger than 10 rpm, a rotation with a frequency equal to 17,
that is the total number of spiral arms, can be measured on the variation of a rotatior &gle second Hopf bifurcation
occurred in the flow and the following section presents the study of the subsequent pattern.

4.2, Spiral waves

Figs. 6 and 7 clearly indicate that a qualitative change in the structure of trajectories takes pfaee f@rrpm. In particular,
the vectorf;‘tz’?”4 in Fig. 7 does not anymore describe a closed trajectory in the spaces, ¢4). In fact, spiral waves appear
with a frequency, = 2.1 that is incommensurable to the frequencies 1, 2, 3 of circular waves (see Fig. 4). The trajectory still
evolves on a torus, but it is not periodic anymore. The fact that the two systems of waves are unlocked translates a particular
characteristic of the hydrodynamic system under study. Indeed, if circular and spiral waves where locked in phase, a particular
phase lag would be chosen: this is clearly forbidden, since the phase of the spirals winds up along both the timeam@sthe
and the phase of the circular waves which does not propagate alof@iie

Let us stress that bare one-dimensional Fourier analysis does not give any clear indication of the appearance of spiral waves,
due to the fact that their temporal frequency happens to be very close to that of circular waves, so that Fourier spectra in Fig. 4
for £2 =9 rpm ands2 = 10 rpm look very similar. Here a reliable indicator of such a transition is the dramatic chapg@# jn
at this value ofs2, as it can be seen directly from the shapepef¢s, ¢4 for £2 =9 rpm ands2 = 10 rpm (see Fig. 8). We
will see later that a 2D-Fourier analysis can separate the different modes, but in this case we have to deal with the problem of
filtering the pertinent modes in order to build a reduced phase-space.

Spiral and circular waves coexist f&2 = 10 rpm up to§2 = 15 rpm. Starting from2 = 11 rpm, the torus in space
(¢2, @3, ¢4) changes of orientation: its axis becomes orthogonal to the gian@s), so that the projectiostz’3 looks again
like a circle; the slope of the anglg(r) is close to 2.1 that is the value of the spiral frequency (see Fig. 6).

The other frequency generating tt¥®, ¢3, ¢4) torus, which must correspond to one of the frequencies of circular waves, can
be observed trough the motion in a Poincaré section of phase space. We have calculated the first intersections of the trajectory
with the planepo = 0: the distancé between consecutive intersections gives a measure of the fractional pafvefthe ratio
of the two incommensurable frequencies generating the térfisctuates between 0.04 and 0.13, which is compatible with
vy =vy =2.1andvy =2.

4.3. Bifurcation of invariant torus

We shall see that the second major change in the dynamics, after the appearance of spirais ¥0rrpm, takes place
arounds2 = 15 rpm. In fact, for2 = 16 rpm, the absolute value of the average slope(of takes the value 1.08 (see Fig. 6),
about half of the value it had for lowe®. This means that the time it takes for the quasi-periodic trajectory to turn around the
torus in spacé&go, ¢3, ¢4) doubles.
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Fig. 6. Left column: projection ofi(6, t) on (¢2, ¢3) for typical values ofQ2 (the horizontal and vertical axis correspond to a fixed interval
[—0.07,0.07]). Second column: angle(s) (in units of 2r) between the horizontal axis, and 5,2‘3, as a function of time during 5 disk
rotations. Third column: projection a@f(9, r) on (Y2, ¥3) (the horizontal and vertical axis correspond to a fixed intgrv@l 13, 0.13]). Fourth
column: angles(6) (in units of 2r) between the horizontal axis, andn§'3, as a function 0.
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Q=9 rpm
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Fig. 7. Left column: projection ofi(6,¢) on (¢2, ¢3, ¢4) for £2 =9,10,11 rpm. Right column: projection af(6, t) on (y2, V3, ¥4) for
£2=9,1011 rpm.

This is the consequence of a bifurcation of invariant tori [29], that has been recently observed in several experimental
situations: in an electrochemical reaction [30], in liquid gallium convection [31], in a double pendulum oscillations [32], in
Rayleigh—Bénard convection [33], in a ferroelectric phase transition [34] or in a Taylor-Couette flow [35].

This bifurcation has been theoretically studied in the context of normal forms of maps. Let us recall what happens in the case
of the usual period doubling bifurcation. Before the bifurcation, the system is on a stable limit cycle in phase space, 6f period
this corresponds to a stable fixed point in a Poincaré section. When the control parameter reaches the bifurcation value, this
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Fig. 8. Plot of the first three topos and chronose 9, 10, 11, 15, 16 rpm.

fixed point becomes unstable, and a stable 2-cycle appears in the Poincaré section, corresponding to a new limit cycle of period
2T in phase space. (The application describing the dynamics in the Poincaré section is essentially a logistic map.)

In a similar way, in our case, before the bifurcation the quasi-periodic trajectory of the system lives on an invariant torus in
phase space, which corresponds to a limit cycle in a Poincaré section. When the control parameter reaches the bifurcation value
this limit cycle persists but becomes unstable, and a couple of stable cycles appears, the trajectory passing once in cycle 1 anc
once in cycle 2 each time it crosses the Poincaré section. This corresponds to a folding of the torus in phase space.

Notice that the essential theoretical ingredient for the existence of such a bifurcation [29], is the existence of the limit cycle
in the Poincaré section above its instability threshold. In the framework of the theoretical study presented by looss and Los in
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1988 [36], this is a rather delicate point to prove, since it depends on the arithmetic properties of the rotation number. In our
case, the existence of the unstable limit cycle above the bifurcation could instead be related to the rotation symmetry in phase
space (reflecting the corresponding symmetry of the hydrodynamical system).

Let us point out that, the system having more than one characteristic frequency before the bifurcation, there is no fixed
rule establishing which one of them (or which linear combination of them) will be divided by 2 as the system undergoes the
bifurcation. In our case, it is the frequency of spiral waves that passes ftbtn 2.08, so that the torus in spacg¢y, ¢3, ¢4)
must fold in a parallel direction to th@-, ¢3) plane.

Once again, let us remark that it would be difficult to detect the bifurcation by Fourier analysis alone, due to the fact that
1.08 is very close to the frequency 1 of circular waves, so that Fourier spectfa£ot4 rpm tos2 = 16 rpm look very similar.

The total number of spiral structures (17 on the acquisition circle) does not vary as the bifurcation takes place. As a con-
sequence, the doubling of the temporal period of spirals must be related either to a decrease of their phase velocity or to an
increase of the angle they form with the acquisition circle. The visualizations of the flow seem to confirm the second hypothesis,
even if it is not possible to define precisely a critical radius at which spiral structures suddenly change of orientation. Instead,
by observing such a change for a given fixed radius, as we do in this work, we may be able to detect this bifurcation with a good
accuracy.

Let us now then look more carefully at the way this bifurcation manifests itself in our phase space. Our initial observation
of a change in the dynamics, namely, the fact thatsfo= 16 rpm the slope ok(¢), the rotation angle in thépo, ¢3) plane,
is half of what it was for2 = 15 rpm, means that the torus in spage, ¢3, ¢4) has in fact already completely unfolded at
£2 =16 rpm. The exact value @ for which it doubles its period, is then certainly smaller that 16 rpm. So, let us look closely at
what happens fof2 = 15 rpm: we label the points separated by the same time delay, here equal to thefpeftbé dynamics
on the torus before the bifurcatiofi,= 1/2.1 units. The separation of odd and even points shows on Fig. 9 the folding of the
torus in a new stable torus corresponding to a doubling of the period, and the consequent destabilization of the former. This
bifurcation is confirmed by the position of the same pointsstoe= 16 rpm (see Fig. 10), now alternating in opposite small
regions of the phase space corresponding to this value of the control parameter, showing the complete unfolding of the torus,
and causing the change in the behaviow ¢f).

A particular feature of the system we study is that, for the value 16 rpm just following the bifurcation, small loops
appear in the trajectory (Figs. 6 and 10), during which the sign of the afiglehanges. They correspond to phase defects. In
fact, for values of2 larger than 16 rpm, loops become larger and the trajectory spends larger times on them. The flow becomes
more and more disordered, without undergoing any other distinguishable period doubling.

Notice that, according to the theory, the number of successive period doubling bifurcations before transition to chaos is not
predicted in general. In fact, the transition itself is due to the breaking of invariant tori, as in the Ruelle—Takens—Newhouse [37]
scenario, and not, in general, to an infinite sequence of period doubling bifurcations [38]. In this case, chaos would therefore be

0.05

0.05

o -0.05 -0.05
3 9,

Fig. 9. Projection of« (0, t) on (¢2, ¢3, ¢4) for 2 = 15 rpm. In the picture, we labelled the points of the orbit separated by a same time delay
equal to the period” of the dynamics on the torus before the bifurcation. The separation between odd and even loops is clearly visible: the
torus doubling bifurcation just happened.
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Fig. 10. Projection ofi(0, t) on (¢2, ¢3, ¢4) for 2 = 16 rpm. The trajectory mainly winds up around the torus but small loops escaping from
this torus are visible.

a consequence of the loss of smoothness of invariant surfaces at each period doubling, leading to the breaking of the torus, sc
that the observed number of such bifurcations is not universal. Discussing this issue in our system would definitely deserve a
more detailed experimental investigation close to the critical value.of

Note that the transition to chaos via the destruction of tori without torus doubling was recently discovered in a flow which is
similar to the one investigated [39]. In their case, the rotating flow was created between two rotating spheres and spiral patterns
similar to what we observe between rotating disks, transit to chaos.

For higher values of2, the flow and thus the trajectories in the phase space are more and more disordered. The following
section describes the final transition from the chaotic flows that were previously described and a more developed turbulence
which takes place in the gap between the disks. With this aim, a Fourier analysis of the space—time diagrams of Figs. 4 and 5
(and completed by higher values &f) is performed.

5. Fourier analysisof thetransition to turbulence

In fact, the calculation of the 2D-Fourier spectra of the spatio-temporal diagrams leads to the dispersion relation of the waves
in the plane ¢, k) wherev is the frequency of the waves akdheir azimuthal wave numbers. Fig. 11 presents the evolution of
these dispersion relations &sis increased. Because of the central symmetry of the Fourier transform, each peak in the spectra
possesses a symmetric one with respect to the origin. Thus each mode is associated with a couple of peaks.

At £2 =9 rpm, beside the zero frequency associated with the continuous grey level background of the images, two wave
packets localized around= 0 andv = —2 or 2, are clearly visible: they represent the propagation of the circular waves in
the flow. At £2 = 10 rpm, two new peaks representing the spirals appear in the spectra. They are centered arathd
andv = £2.1. Note that each peak appears to be separated in two parts. This comes in fact from the slight modulation of the
circular waves along the acquisition circle. Ear= 10 rpm and 13 rpm, one can also see other wave packets locdted 17
andv = —5.1, v = —8.2 (and their symmetric peaks). These wave packets translate the nonlinear interaction between the spiral
waves and the circular waves. Fargreater than 15 rpm, these nonlinear interactions give birth to three inclined stripes in the
spectral plane. Two of these bands are symmetric with respect to the center, and pass through the former peaks representin
the spiral and the circular waves. Moreover, a third packet, having also an elongated shape aligns parallel between the former
ones. This band clearly indicates the formation of a low frequency mode coming from the quadratic nonlinear interaction of
the waves: any combination of two modes belonging to each of the side bands, generates a mode belonging to the central
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low frequency band. As it can be seen on Fig. 11, the intensity of the central wave packet grows with the rotation rate and
at 2 = 17 rpm, its intensity is comparable to the one of the side bands. Note also that its angle with respect to the axes has
changed: it is no more parallel to the wave packets that were at its origin. The two last images of Fig. 11 show the 2D-Fourier
spectra for higher rotation rates. As presented, the side packets, representing the circular and the spiral waves disappear. Fc
£2 =30 rpm only a single packet passing through the origin is present. As this wave packet is a straight line, its slope is
the group velocity of the waves (projected on the azimuthal direction) that constitute the weak turbulence regime. Thus this
packet, born from the nonlinear interactions of the unstable modes (the circular and the spiral waves) travels at a group velocity
whose value progressively changes from the azimuthal group velocity given by the wave dispersion relation to a value which,
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Fig. 12. Azimuthal group velocity of the wave packets versus rotationfPaig) central wave packetp side wave packets. The central packet
is entrained with the mean azimuthal velocity of the turbulent flow (betwe®arid 0452).

according to the Taylor hypothesis of frozen turbulence, is equal to the mean velocity of the flow. Indeed, Fig. 12 shows the
slopesy made by the central and by the side packets as a function of the rotation rate. These slopes represent azimuthal group
velocities and can be normalized by the local disk velod®R( with R = 0.7). The error bars give the standard deviation of

the data obtained from different measurements. As it can be seen on Fig. 12, the azimuthal group velocity of the central and of
the side packets are similar up £ = 15 rpm. Then both curves separate, the central packet azimuthal group velocity being
around—0.34, that is close to the azimuthal velocity of the fluid outside the boundary layers: Rasmussen [40] calculated for
instance a value equal to313 in the case of infinite disks, and Schouveiler et al. [16] measured a velocity between 0.3 and
0.4. Therefore, these measurements illustrate the smooth transition from a chaotic wavy flow (with waves possessing their own
phase and group velocities) towards a more developed turbulent flow with waves travelling on average at the mean velocity of
the fluid.

6. Conclusion

The projection of the signal on an optimal basis given by bi-orthogonal decomposition allows to sketch a coherent scenario
of transition to turbulence for the Batchelor’s flow.

The propagation of modulated circular waves starting fs@rme= 5 rpm gives in phase space a periodic trajectory describ-
ing a closed curve. When spiral waves appeaf2at 10 rpm, the topology of trajectories changes: since spiral waves are
characterized by a temporal frequengythat is not commensurable to those of circular waves, the limit cycle bifurcates to a
torus.

At 2 = 16 rpm, it suddenly appears in the system a frequency that is half the frequetitgt generated the torus: this
indicates a bifurcation of an invariant torus, recently observed in other systems. For the same 2lueags appear in
the trajectory: they correspond to temporary changes of rotation direction iipshes) plane, and thus to phase defects in
spatiotemporal diagrams. For larger valuesfthe time the trajectory passes on the loops grows, which makes the signal
more and more disordered. At the same time, the spatial structure of the flow becomes more disorganized, generating new
eigenvectorg,, ¢3, ¢4, in whose space a torus is not anymore recognizable. A 2D-Fourier transform of the space—time signals
permits finally to describe the slow transformation of the chaotic flow in weak turbulence and finally in a more developed
turbulence. Due to nonlinear interactions between waves, the spectra in the (wave number, frequency) plane get more and more
complex. The dispersion relation of the waves, first constituted by single isolated peaks, transforms in three bands and finally
in a single one which is compatible with a Taylor frozen turbulence whose convective velocity is the mean velocity of the flow.

For the values of the angular velocity of the disk considered here, only one period doubling has been observed. Nevertheless,
theoretical studies show that in this hybrid scenario, presenting both the features of quasi-periodicity and of doubling period
cascade, chaos does not necessarily appear after an infinity of period doubling steps. In all the experiences where this scenari
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is observed, the period doubling cascade is interrupted at an early stage by transition to chaotic behavior. The description of this
scenario could be made more precise by raising the control parafmdigrsmaller steps, in order to determine, for example,

the relation between the bifurcation and the appearance of phase defects. It would also be interesting to study the transition to
chaos of this system in the case of spiral waves of larger frequency, well separated from the frequency characteristic of circular
waves; the observations made in [18] on the same system show that this is possible.
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